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1 Introduction 

We probably all want to know if there is a mathematical structure that underlies 
and explains all of the physical world, which has, for hundreds of years, been 
so accurately described by one and then another set of mathematical laws. The 
current set, at the fundamental level, consists of two distinct parts: Relativistic 
Quantum Field Theory and General Relativity. Despite the fact that they both 
contain the word 'Relativity' they are in fact worlds apart. In particular General 
Relativity is classical, and has not been successfully quantized (yet) whereas the 
known consistent quantum field theories do not include gravity. 
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What would be the wish hst for such a set of fundamental laws? The following 

criteria come to mind: 

1. Mathematically consistent 

2. Include gravity coupled to gauge forces 

3. Quantum 

4. Unique 

5. Predictive 

6. Experimentally correct 

Well it turns out that there is a theory that, as far as we know, satisfies the first 4 
criteria. It struggles with point 5 and point 6 is, to date (and for the foreseeable 
future), undecided. Thats not bad, in fact it is very good. For a start this wish 
list is just that, a wish list. In fact the only criteria that seem necessary are 1,2,3 
and 6. No one ever promised that the set of laws that govern our Universe are 
unique (in the sense that there is no other mathematically consistent possibility). 
Furthermore, if the complete theory of everything was taught to you by some 
god in a master class, it is not guaranteed that you could then unambiguously 
determine our Universe within it and not some other set of laws which are so 
similar that you can't experimentally choose between them. Just as if that same 
god gave you a perfect map of the universe, including every star, planet and 
astroid and then gave the homework problem: find home. Of course point 6 is 
important. It must be the case that somewhere within this complete theory lies 
the laws that we observe, but again it would be very hard to find them, just as it 
could be hard to find our solar system if one starts from the Universe as a whole. 
So what is this theory? "String Theory" comes to mind but there are five 
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versions of that and we no longer believe that strings alone form a complete 

quantum theory. Rather, we now think that the various string theories are actu- 
ally five different perturbative expansions of a single theory known as M-Theory. 
So this is our current best guess for a fundamental theory of everything. Our 
understanding is not complete but it is compelling and robust. This is quite an 
achievement and we should take it seriously. 

As we have already said, M-Theory is still quite far from from experimental 
predictions. It is a supersymmetric, eleven-dimensional theory (so it has the 
maximal amount of supersymmetry), but of course it can be compactified to four 
dimensions in such a way that minimal or even no supersymmetry is preserved. 
However it appears to admit a huge (some say 10^*^*^, e.g. see ([Il[2|)) number of 
possible compactifications. This is what makes criteria 5 and 6 so tricky. Indeed 
String Theory and M-Theory have so many vacua, which are believed to be 
consistent, that they run the risk of never going away. For example it might be 
possible to work exclusively with these theories, as they can be arbitrarily close 
to any other consistent theory that someone might come up with, rather like 
choosing to only work with rational numbers|^ In this sense String Theory and 
M-Theory are perhaps better thought of as a framework within which to look for 
consistent theories of our Universe. 

In this review we wish to discuss another part of String Theory and M-Theory. 
Namely the quantum field theories that are associated to the dynamics of p- 
branes, which are extended objects with p-spatial dimensions {e.g. a string is a 
1-brane). In particular String Theory contains Dp-branes for any p = 0,l,2,...,9 
and M-Theory contains M2-branes and M5-branes. According to String Theory 
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and M-Theory there are local quantum field theories that 'live' on these branes 

and govern their low energy dynamics, in the limit that gravity is decoupled. 

Furthermore these theories must satisfy certain physical requirements due to the 

geometrical interpretation of branes in a higher dimensional spacetime. 

Therefore, in a sense. String Theory and M-Theory, lead to predictions about 
quantum field theory. For example, long ago, while it was still in its infancy, 
String Theory predicted the existence of maximally supersymmetric quantum 
field theories and these were swiftly constructed ([SlSj) . We will see that M-Theory 
'predicts' certain strongly coupled, maximally supersymmetric, conformal field 
theories in three and six dimensions. We should mention that the existence of 
such theories first arose in ([5]) which classified all possible superalgebras. However 
the predictions of String Theory and M-Theory go further in that they imply 
that there really is an interacting field theory with these superalgbras and also 
determine various physical properties (such as the vacuum moduli space). The 
three-dimensional theories have now been constructed whereas the construction 
of the 6 dimensional ones remain a current and important open problem. In this 
review we will revisit the construction of maximally supersymmetric Yang-Mills 
gauge theories and also the relatively recent construction of the three-dimensional 
conformal field theories. 

Although not experimental predictions, these are predictions that can be tested 
- much like the many mathematical 'predictions' of String Theory and M-Theory, 
several of which have subsequently been proven. Verifying them will not tell us 
that M-Theory is the correct theory of Nature. But it is a successful test of the 
ideas of M-Theory as a logically complete quantum theory. Furthermore we will 
see that that there are interesting mathematical objects that play a key role. 
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This review is meant to introduce the field theories that describe the dynamics 

of multiple branes in String Theory and M-Theory. For a more technical and 
detailed review of M2-branes and their Chern-Simons-Matter theories the reader 
should consult (j6]). In addition for a discussion of the resulting AdS^/CFT^ 
duality from these models see (j7j) and also (j8]) for a review of integrability of 
these models. 

The rest of this review is organized as follows. In section 2 we will review 
String Theory and D-branes. We will then also review how branes and U-duality 
leads to the notion of a single non-perturbative theory known as M-Theory, which 
contains M2-branes and M5-branes. In section 3 we use symmetry arguments to 
construct maximally super symmetric Yang-Mills theories on the worldvolumes 
of Dp-branes in String Theory. In section 4 we then use similar ideas to tackle 
multiple M2-branes in M-Theory. This leads to new maximally supersymmetric 
field theories in three dimensions with the structure of a Chern-Simons-Matter 
gauge theory, and commonly known as BLG theories. These are the first theo- 
ries to be found in the class that we require, however they are limited to only a 
handful of examples describing two M2-branes. In section 5 we discuss how this 
construction should be generalized to lagrangians with slightly less supersymme- 
try and construct the ABJM/ABJ models, which furnish all the desired quantum 
field theories for an arbitrary number of M2-branes. Finally in section 6 we will 
briefiy discuss remaining problem of obtaining interacting six-dimensional confor- 
mal field theories for multiple M5-branes as well as some closing comments. We 
would like to note that our presentation, particularly of sections [3] and [5l is not 
primarily presented in a historical way, but rather is aimed at being pedagogical. 
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2 Prom Strings to Branes 

String Theory started out it's life as an attempt to describe the strong interaction 
between hadrons by simply imagining that they were tied together by a piece of 
string. This was, and still is, quite respectable as an effective theory. The rise 
of QCD meant that it was not to be as a fundamental description of hadrons. 
However by simply adjusting the tension of the string by a mere 40 orders of 
magnitude it became clear that String Theory was a fundamental theory of grav- 
ity and gauge forces (j9|). In particular strings come in two types: open (with end 
points) and closed (no end points). These strings are then allowed to split and 
join with an amplitude that is governed by the so-called string coupling constant 
Qs- One can then set up analogues of perturbative Feynman rules that allow one 
to compute physical processes as an expansion in the number of times the strings 
split and joint and hence as a power series in gg. It turns out that there are 
five ways to do this, i.e. there are five possible String Theories: Type IIA, Type 
IIB, Type I, heterotic £^8 x -E's and heterotic SO{32). The reader is referred to 
p0y i H [T2 t ll3 y i4p for an introduction to the many facets of String Theory. 

Quantizing a string leads to an infinite tower of spacetime states, corresponding 
to the possible vibrational modes. Furthermore quantum consistency requires 
that these live in ten dimensions. If the string tension is set near the Planck 
scale then only the lightest, massless states are relevant for particle physics. The 
infinite tower of states is crucial for the finiteness and UV completeness of String 
Theory but it doesn't seem so important for phenomenology. 

In particular if we look at the spectrum of closed strings we find gravitons at 
the massless level (along with some other fields, including a scalar field called 
the dilaton whose vev determines gg)- Therefore quantizing closed strings leads 
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to theories where the metric is dynamical and indeed Einstein's equations come 

out from the theory. Examining the low energy effective actions of the massless 

closed string modes leads to the ten-dimensional supergravity theories (|15 U16lll7l 

[T8 l [T9 l [20 |) . Thus gravity is a consequence of the quantum string and is not at all 

at odds with quantum theory as seems to be the case in standard approaches to 

quantum theory. 

2.1 D-Branes 

One might think that this was good enough and never discuss open strings (only 
the Type I string seems to need them). However examining the effective super- 
gravities that describe the low energy dynamics of the closed string modes, one 
finds interesting states: p-branes. These are black hole-like solutions (in partic- 
ular they are like extremal Reisner-Nordstrom black holes) where the singularity 
is not a point in space but is extended over a p-dimensional surfaces. They are 
typically non-perturbative soliton-like states whose tension scales as an inverse 
power of Qs- But they are supersymmetric and as such one can trust several cal- 
culations that use only the two-derivative supergravity approximation to the full 
String Theory. Taking these states seriously is very important. In doing so one 
realizes that the five known perturbative String Theories are actually all related 
and in many cases dual to each other ()2H I22 p . In particular what is considered a 
fundamental string in one theory appears as a soliton p-brane state in the dual 
version. Thus there is a sort of democracy amongst the various branes (j23]) and 
the fundamental string is only preferred by perturbation theory ()24p . 

It turns out that many (but not all) of these p-brane states can be described 
within the tools of perturbative String Theory. In particular in ()25p Dp-branes 
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were identified with a large class of these supergravity p-brane solitons (the 

ones that carry so-called Ramond-Ramond charges). A Dp-brane is simply a 
p-dimensional surface in space which is the allowed end-point of open strings. In 
particular the type IIA string has supersymmetric p-branes for even p whereas 
the type JIB string has supersymmetric p-branes for odd p. The heterotic strings 
cannot have Dp-branes and the Type I string has p = 1,5. In fact, in this lan- 
guage. Type I String Theory is essentially just Type IIB String Theory in the 
presence of space-filling D9-branes along with a certain projection that is required 
for consistency and which removes certain states (such as the D3- and D7-branes). 

This definition of Dp-branes is important as essentially all their dynamics can 
be determined by open String Theory, including all the higher modes and cou- 
plings to closed strings and hence gravity. It had been known since the earliest 
days of String Theory that the lightest modes of open strings are vector gauge 
bosons and quantization of open strings leads to low energy dynamics of non- 
abelian gauge theories (p6]) . 

Thus the modern picture of String Theory was born. In this vsiew spacetime is 
ten-dimensional and filled with closed strings whose quantum fluctuations, split- 
tings and joinings give a UV finite quantum theory of gravity. Inside such a 
ten-dimensional spacetime one can have all sorts of configurations of Dp-branes, 
intersecting in complicated ways, with Yang-Mills gauge and matter fields propa- 
gating along their worldvolumes, whose dynamics arises from the quantum split- 
ting and joinings of open strings. Furthermore the open strings can join up to 
form closed strings, corresponding to the fact that Dp-branes are massive objects 
and hence source gravity. Here we can see why there are so many string vacua: 
essentially any stable configuration of Dp-branes leads to a low-energy theory 
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with Yang-Mills gauge theories coupled to matter and gravity - many of which 

could be a suitable home for some observer. The Standard Model does not seem 

special or pre-designed even though it is clearly just right for us, in much the 

same way that our solar system is not unique within the Universe, especially 

constructed in just the right way. 

2.2 M-Theory 

Once one realizes that the various String Theories are related to each other it 
begs the question of what is the bigger, umbrella, theory that contains them all. 
This is known as M-Theory. To use a time-honoured analogy consider the story 
of five blind scientists who are studying an elephant. One feels the left leg, one 
the right leg, one the ear, another the trunk and yet another the tail. They all 
report to each other and describe seemly very different things (although the two 
working on the legs have established a certain duality). Well in this analogy 
M-Theory is the elephant and the scientists are the String Theorists. For a more 
precise description of M-Theory see (|27p and for a review of its branes see ()28p 
(see also (|29y3U|) for reviews on other aspects of M-Theory) . 

However in our case we are a little be luckier. We claim that the whole of 
M-theory can be deduced by a (non-perturbative) limit of Type IIA String The- 
ory if one properly accounts for the various branes. In particular it has been 
known for years that the low energy effective action of Type IIA String The- 
ory, called type IIA supergravity, is obtained by the dimensional reduction of 
eleven-dimensional supergravity ([ST]) . Thus the massless modes of the type IIA 
string are in agreement with the massless Kaluza-Klein fields. Furthermore the 
fundamental string can be viewed as arising from a 2-brane object in eleven di- 
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mensions that is wrapped on the Kaluza-Klein circle (there is no stringy object 

in eleven-dimensions since then it could be obtained as a String Theory). 

This is essentially a more modern refinement of older ideas concerning the role 

of membranes and eleven-dimensional supergravity ()321l33p . The important key 

idea is the realization that the radius of the extra dimension is interpreted in 

String Theory as the coupling constant ([22]) : 

^11 = gsh , (1) 

where Ig is the string length - that is the scale set by the tension of a funda- 
mental string. Thus by construction Type IIA String Theory is the expansion of 
eleven-dimensional M-Theory around a spacetime with a zero-sized circle. Turn- 
ing this around one sees that M-theory can be defined as the strong coupling 
limit, Qs —7- oo, of Type IIA String Theory. This also implies that there is no 
natural parameter with which to construct a perturbation expansion. M-Theory 
is therefore inherently non-perturbative. Furthermore attempts to quantize the 
2-brane as we do for fundamental strings fail ([M1E5D- So to date there is no 
satisfactory microscopic definition or construction of M-Theory, we must piece it 
together like the scientists and their elephant. 

How do the non-perturbative states match up p6p ? The Kaluza-Klein mo- 
mentum modes give rise to DO-branes. This works nicely since a bound state of k 
DO-branes has a mass k/gsh = k/Rn (they are at threshold) and this agrees with 
a state with k units of Kaluza-Klein momentum. We have already said that the 
string comes from a wrapped 2-brane state: the M2-brane. Therefore there must 
be an unwrapped 2-brane state and indeed there is: the D2-brane. Type IIA 
String Theory also has D4-branes, NS5-Branes (a example of a solitonic brane in 
String Theory that is not a D-brane), D6-branes and D8-branes. The D4-brane 
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and NS5-brane can be identified with the wrapped and unwrapped states of a 

5-brane object in eleven-dimensions. The D6-brane is the electromagnetic dual 
of the DO-branes and hence is given by a Kaluza-Klein monopole (|37|). Finally 
this leaves the D8-brane but it turns out that one cannot take a strong coupling 
limit of D8-branes and stay within the supergravity approximation (j38p . 

Thus M-Theory contains just two types of branes: M2-branes and M5-branes. 
These can also be found as solitonic black hole-like solutions of eleven-dimensional 
supergravity (|39p40p . Following our interpretation of M-Theory as the strong cou- 
pling limit of Type IIA String Theory, M2-branes arise as the strong coupling limit 
of D2-branes and M5-branes arise as the strong coupling limit of D4-branes. Since 
the worldvolume theories of D2-branes and D4-branes are given by open strings 
whose dynamics are governed by maximally supersymmetric Yang-Mills gauge 
theories we learn that the worldvolume theories of M2-branes are determined 
by the strong coupling (IR) conformal fixed point of maximally supersymmetric 
three-dimensional super- Yang-Mills and the worldvolume theory of M5-branes 
by the strong coupling (UV) conformal fixed point of maximally supersymmetric 
five-dimensional super- Yang-Mills. Thus M-theory predicts the existence of three 
and six-dimensional maximally supersymmetric conformal field theories ()41ll42[i ^ . 



The second case is particularly dramatic as five-dimensional Yang- Mills theories 
are non-renormalizable. But M-theory claims that there is a good UV fixed point 
and, furthermore, the fixed point conformal field theory is six-dimensional (44}! 
Finally we should mention an important point that applies to both the D-brane 
and M-brane worldvolume theories. As it stands we have been talking about 
theories of everything, where the branes are described by low energy fluctuations 



These six-dimensional theories can also be derived directly from String Theory ((43] 
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but which also must source gravity and hence curve spacetime. However in all 

the cases considered here we can take a so-called decoupling limit where we can 

essentially turn off gravity. This is just what we also do in the Standard Model 

where we know that ultimately all the quarks and leptons gravitate but these 

interactions can be safely neglected. Formally to perform this decoupling limit 

one lets the Planck length go to zero, while keeping the length scales and energies 

associated to the brane fluctuations finite. In this way the worldvolume theories 

of the D-branes and M-branes decouple from gravity and become flat space, 

Poincare invariant, local quantum field theories. 

3 D-branes and Yang-Mills Gauge Theories with 16 Supersym- 
metries 

Let us look now at how we could derive the effective theory of D-branes. In fact 
some 35 years ago String Theory first predicted the existence of maximally su- 
persymmetric field theories as the low energy effective action of the lightest open 
string modes. This led directly to the construction of maximally supersymmetric 
Yang- Mills (OH]). Here we will essentially re-derive this result from a modern, 
D-brane, perspective (these theories were first identified with D-branes in (j45p ). 
In addition we will use a different argument. Rather than using the open strings 
and their dynamics to deduce the low energy effective action, we will deduce it 
by looking for field theories with the correct symmetries. We should stress that 
the point of this section is not so much as to promote the claim that String The- 
ory predicts maximally supersymmetric gauge theories as a great success (even 
though it did indeed do just this), all this has been known for many years. Rather 
we wish to present a unified treatment of D-branes that we can then apply to the 



14 Neil Lambert 

M2-branes and, hopefully someday, M5-branes. 

So let us consider a stack of N Dp-brane of type II String Theory in ten- 
dimensional flat space. The D-brane is stretched along the x", x^, ..., x^ directions 
and hence breaks the Lorentz group: SO (1,9) — )• SO{l,p) x 50(9 — p). Here 
SO{l,p) becomes the Lorentz symmetry group of the field theory on the brane 
that describes its low energy fluctuations. The S0{9 — p) factor can be thought 
of as coming from rotations of the M^"^ transverse space to the D-branes. This 
translates into an i?-symmetry of the effective theory. 

Open strings have half as much supersymmetry as closed strings. The sim- 
ple reason for this is that he left and right moving modes of closed strings are 
independent whereas the open string boundary conditions require that they are 
related. This halves the number of oscillators and super symmetries. In particu- 
lar, a Dp-brane preserves the supersymmetries 

r012. ..pCL = cr , (2) 

here ei and tR are the two spacetime supersymmetry generators obtained from 
the left and right moving sectors of the closed string. Type IIA strings have 
TiieL = eL, TiitR = -€r whereas type IIB strings have TiieL/R = ei/R- Thus 
we see that eq.© only has solutions if p is even for type IIA strings and p odd 
for type IIB strings. 

So let us try to construct such a theory for the worldvolume dynamics of N 
parallel Dp-branes. This theory should have 9 — p scalar fields X , I = I, ...,9 — p 
that represent the fluctuations in the transverse space. These are the Goldstone 
bosons for broken translational invariance. There are also fermions which follow 
from supersymmetry, but also arise as Goldstinos for the broken supersymmetries. 
For simplicity we will simply consider Dp-branes in type IIA string theory, so in 
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particular p is even. In this case we can write 

e = €L + eR , (3) 

so that ei/n = ^(1 it rii)e. Thus e is a real, 32 component spinor of Spin{l,9). 
The super symmetry constraint eq.([2]) is now 

roi2...pr?/^+^e = e , (4) 

leaving 16 independent components. Thus the Goldstinos should satisfy 

roi2...pr?('+'^ = -^ . (5) 

Before we write down the supersymmetry transformations we should note that 
the fields need not just real valued but rather, in general, should take values in 
some vector space (a vector space because we will need to take linear combinations 
and add various fields in order to construct a theory) . Thus we introduce an index 
a on the fields, corresponding to expanding the fields in terms of some basis T" 
of the vector space, e.g. X = X^T". Furthermore we need this vector space to 
have an inner-product, so that we can extract real numbers from the fields: 

{X',X-') = h'^'xiXi^ . (6) 

Henceforth we will use h and its inverse hab to raise and lower indices (for 
simplicity one can just assume that h = 6 ). 

We can now construct a trial supersymmetry relation between the scalars and 
ferinions. For the scalars we guess 

6Xi = ieV'^a . (7) 

This is a typical expression, indeed all supersymmetric theories with scalars have 
such a transformation. We note that, because of eq.dH) and eq.dS]), 6X is non- 
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vanishing which, for example, forbids inserting a factor of Tn into the right hand 

side. 

However, as we will see, what ultimately determines the dynamics comes from 

the fermion supersymmetry transformation. For a free theory one has 

6^a = -Tf^r'd^Xie , (8) 

where fi = 0,1,2, ..., p. To construct an interacting theory we need to add more 
terms to the right hand side. What can we add? It needs to be made from the 
scalar X^ and needs to be SO (9 — p) invariant. Therefore a the simplest guess is 

6^a = -r^r'd^Xie - ^r^X'^XiTuTue . (9) 

Note the appearance of Fn, this arises to ensure that 6^ a respects the conditions 
eq.dH and eq.(l5]). Here fa are some constants, which, by construction, are 
antisymmetric in c -f-)- d. We could have considered a linear term in X^ however 
this will not lead to an interacting theory; we need something non-linear. We 
could also try higher order terms but for now a quadratic term turns out to be 
enough. 

What is the consequence of this? To find out we need to close the algebra. 
This means that we need to evaluate 

[5,,52]Xi = -i2ie2T^^ei)d^Xi - r\i2ie2T-'T,ieiXi)X[ . (10) 

The first term is just a translation, what we always expect from closure of a 
super symmetric theory. The second term is new. Whatever it is, it must be a 
symmetry of the theory. It has the form 

6AXi = K\Xl , (11) 

where A'^q = —2ie2T^TiieiX^, f'^'^a- Thus K'^a, through its dependence on Xj is 
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spacetime dependent. So we have discovered that we must be talking about a 

gauge theory. 

If we are talking about a gauge theory then we need a gauge field and hence 

we introduce a gauge covariant derivative 

D^Xi = d^Xi - A,,\xi . (12) 

This must satisfy the usual properties of a gauge connection. In particular we 
can construct the field strength F^J'a through: 

[D^,D,] = F^J'aXi . (13) 

Next we need to come up with a supersymmetric transformation for ^^ «• A 
natural guess is 

5A^\ = ieT^Tii^,r\ , (14) 

again the appearance of Fn ensures that eq.(jl|) and eq.(l5]) are respected. With 
all this in place we need to re-think (5^a, which we said determined everything. 
We now see that the most natural guess is 

5^ a = ^FM^^ab/'^cr'^'rne - T^T'D^Xie - ^^f^XixiVuTiie 
5A^\ = ieT^Tiim,r\ (15) 

6Xi = ieV'^a, 

where for completeness we have listed the supersymmetry transformations for all 
the fields. 

Carrying through all the calculations one sees that this works. Namely the 
transformations close, on-shell, on to translations and gauge transformations. 
However we do encounter one constraint: 

r'df'e + f'dr^ + rdf^ = o . (le) 
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We immediately recognize this as the Jacobi identity for a Lie algebra with gen- 
erators T" and Lie bracket 

[T'',T^]=ir\T^ . (17) 

We also assume that the metric is the standard Killing metric /i"'' = —f°''^df^'^c- 
The Jacobi identity has a well-known interpretation, namely it ensures that the 
adjoint map ad^(X) = z[^, X] acts as a derivation of the Lie-algebra: 

adA[X,Y] = [adA{X),Y] + [X,adA{Y)] . (18) 

It also ensures that the map A — t- ad^ is a representation of the Lie algebra where 
the Lie algebra itself is the vector space on which the representation acts. 

The fact that the supersymmetry algebra only closes on-shell is helpful here, 
since this means that the equations of motion are determined for us. One then 
learns that these equations of motion are derived from an action that is invariant 
under supersymmetry. So for the sake of brevity let us just give the action: 

SsYM = - j dP+^x [ - \F^u\F^J>a + ]^D^XiD^'X''' + U>-T^'D^^>a 

+Ul''T'T^^Xi^,f\ + -^rKr'^^Xixixixi] . (19) 

Note that the action is only invariant if the inner-product is gauge invariant; e.g. 
6\{X ,X ) = 0. This in turn implies that 

which is a well-known property of Lie-algebras. 

Where is the coupling constant? Well one sees that the structure constants 
/"''c can be rescaled and still preserve eq. (|16p . In the limit that /"*c — ?• we see 
that the interaction terms all decouple and theory is weakly coupled. From the 
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Dp-brane perspective one is therefore led to identify 

r\ = cpgsifi^r'c , (21) 

where f c are the structure constants in some normahzed basis {e.g. such that 
tr(T'^T^) = 5"*), gs is the string couphng constant and Is = \fa' is the string 
length which is needed on dimensional grounds. We have also allowed for the 
possibility of a constant of proportionality Cp which can be determined by com- 
paring with string calculations (in which case one finds c^ = (27r)^~ (25)). 

This is the maximally supersymmetric Yang-Mills gauge theory in p+1-dimensions. 
Although we have only derived it for p even (corresponding to type IIA String 
Theory) the same result is true when p is odd (in which case e and ^ are both 
eigenstates of Fn with eigenvalue 1 but ToL.pe = e while roi2..p^ = —^ )• Note 
that we have not used the minimal spinor representation in p + 1 dimensions but 
rather kept the full 32-component spinors of ten dimensions. One can of course 
decompose ^ and e accordingly however we have not done this as we believe that 
the current convention shows the relation to spacetime more clearly. In addi- 
tion, the reduction to minimal p + 1-dimensional spinors varies depending on the 
nature of spinor representations for the various values of p which would unduly 
complicate our analysis. 

We have derived the low energy effective action that arises from the quanti- 
zation of open strings that end on Dp-branes in the limit that gravity has been 
decoupled. It is somewhat remarkable that we have arrived at Yang-Mills theories 
since we never asked for gauge symmetry. Indeed having started from an essen- 
tially gravitational theory, closed String Theory, we have 'deduced' Yang-Mills 
gauge theories as arising on the world volumes of various gravitational solitons; 
the Dp-branes. 
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3.1 Spacetime Interpretation 

Now that we have constructed theories with the correct symmetries to describe 
multiple, parallel Dp-branes in type II string theory, we need to see if their 
predictions agree with what is expected geometrically. 

In particular we need to look at the vacuum moduli space. From the spacetime 
perspective this corresponds to the set of all configurations that the Dp-branes 
can take which preserve all the supersymmetries. As such we expect that the 
moduli space is that of N indistinguishable objects in R^"^: 

M = ^ ^ ^ , (22) 

where Sn is the symmetric group acting on N objects. 

To see that this is indeed the case consider the simplest gauge group: U{N). 
The Lie algebra is just the set of Hermitian N x N matrices. Note that the 
component of X^ that is proportional to the NxN identity matrix commutes with 
all other fields and hence does not interact with any other field. This therefore 
describes the over-all translations of the stack of Dp-branes in the transverse 
space. 

The vacuum consists of constant scalars X which are mutually commuting: 

[X^,X''] = 0. (23) 

Therefore, up to conjugation, which is just a constant gauge transformation, we 
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can choose all the X^ to be diagonal: 
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X' 



\ 



Xn 



Jb ]\ 



(24) 



\ -^N J 

The set of all x[, i = 1,...,N is therefore M.^^'P'^ . We interpret the vector 
x^ G ]R(^~p), for a fixed i, to be the position of the ith Dp-brane in the M'^^^-* 
transverse space. 

However the moduli space of vacua consists of this configuration space, modulo 
gauge transformations. Thus we need to identify two vacua as equivalent if they 
differ by a gauge transformation: X ~ UX U' , U € U{N). We have already 
used such gauge transformations to bring X into a diagonal form. However there 
still remain gauge transformations that act on X but keep it diagonal. To see 



this we observe that if we chose 



/ 



U 



1 



1 



\ 



(25) 



then UX W simply interchanges xl -f-)- X2- Clearly one could perform similar 
transformations that act as xf O x^ for any pair x^- and x^. Thus subgroup of 
U{N) that preserves the diagonal form eq. (|24p is just the symmetric group Sn 
(which is just the Weyl group of SU{N)). Therefore we have indeed shown that 
the vacuum moduli space is eq. (p2]) . 
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Of course there are other choices of gauge group. In particular S0{2N), 

SO(2N + 1) and Sp{N) for any N as well as the five exceptional Lie groups. 

The three additional infinite families can all be found within String Theory, they 

arise in the presence of so-called orientifolds. However, so far, the exceptional 

maximally super symmetric gauge theories have not been found. Nevertheless, the 

point we wish to observe is that the maximally supersymmetric gauge theories 

that String Theory predicts to arise on Dp-branes have been found (in this case 

many years ago while String Theory was in it infancy) and have the predicted 

properties. 

4 M2-branes and Chern-Simons-Matter Theories: 16 Supersym- 
metries 

Next we wish to consider the same situation for M-Theory. As we've mentioned 
there are just two types of branes to consider in M-Theory: M2-branes and M5- 
branes. Let us consider the M2-branes. The M5-branes remain an important 
unsolved problem which we will return to in the conclusions. 

Unlike the case of Dp-branes there is no definition of the worldvolume dynam- 
ics of M-branes in terms of open strings that end on them. Therefore we cannot 
deduce their dynamics from first principles as was done in (OH]). However some 
features of the required M2-brane theories were anticipated in ()46lB7|) . Here we 
can follow the discussion of the previous section and try to deduce the effective 
action by looking for field theories with the correct symmetries. This was done in 
()48p49U501l5T]) and was successful in that it does lead a class of lagrangian theories 
with all the right features. This in itself was something as a surprise as it had 
been thought for 30 years that the only maximally supersymmetric lagrangians 
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were those of super- Yang-Mills that we constructed above. In particular it was 

previously thought that Chern-Simons theories could have at most 6 supersym- 

metries ([52]) . One of the surprises of these new models is that, although the gauge 

fields are related to the other fields by super symmetry, they do not come in the 

same representation of the gauge group. This is consistent with standard results 

in supersymmetry because the gauge fields do not carry any independent degrees 

of freedom. Furthermore the amount of supersymmetry depends on the choice of 

gauge group, which are typically not simple. 

However the story turns out to be more complicated because this class of 
lagrangians found in (j48y 49 1 [50 l [5T |) is too small and is only capable of describing 
two M2-branes (as we will discuss later). Nevertheless it opened the door to a 
class of highly supersymmetric three-dimensional conformal field theories. Let us 
review this construction now and discuss the appropriate generalization in the 
next subsection. 

Proceeding as before we note that supersymmetries that are preserved by the 
M2-branes satisfy 

roi2e = e . (26) 

The fermions are then goldstino modes and satisfy roi2^I^ = — ^ and let us call 
the scalar fields X , / = 3, 4, .., 10. As with D-branes, we assume that they live 
in some vector space with a basis T"", e.g. X = X^T^. We start by noting that 
the free theory has the supersymmetry transformations 

6^d = a^Xir'^r^e. (27) 

To introduce interactions we need to include a term in 6^ that is non-linear in 
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the scalar fields. Now ^ and e have opposite eigenvalues with respect to roi2 and 

in addition [roi2,r^] = but {roi2,r7} = 0. Thus any term on the right hand 

side of (5^s must have an odd number of F^ factors. Furthermore we wish to look 

for conformal field theory. Since the scaling dimensions of X^, ^a and e are g, 

1 and — ^ respectively we see that the interaction term we are looking for should 

be cubic in X^. Thus a natural guess is 

6^d = d^XiT^^r'e-^XixiX^r'',T'-'''e . (28) 

Here we have introduced coupling constants / d, which, by construction, are 
anti-symmetric in the first three indices. One can consider a more general ansatz 
which has terms that are not totally antisymmetric but, assuming scale invari- 
ance, this will not work ()53p . However one can add massive deformations that 
are consistent with all 16 supersymmetries (j54[|55p . corresponding to turning on 
background supergravity flux (|56|) . 

Next we must check that this super algebra closes. If we compute [5i,52]X^ we 
find 

[6a, 62]Xi = -2k-2r'^ei5^Xi - {2ie2T^''eiX^X^r'''d)X', . (29) 

The first term is simply a translation, as expected. Just as before the second 
term must be interpreted as a symmetry: 

(5Xi = A=,Xi , A^, = 2ie-2r-^^eiX/xf Z""^, . (30) 

Indeed this is be a gauge symmetry since A'^^ depends on Xj^ which in turn 
depends on x'^. 

Next we must introduce a gauge field for this gauge symmetry. Following 
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standard techniques we define 

D.Xli = d,X', - i^.Xi , (31) 

and similarly for ^^. This is gauge covariant provided that 

5A'^d = d^k'd + i^eA'^d - A%i^, . (32) 

We can also compute the field strength from [D^,Di^]Xl^ = F^,y"-i,X[ and find 

-^ liu b ^ Ciu^fj. b ~ C/fi-^u b ~ -^nc-^u b + ^uc^fj. b ■ V*^"^) 

These are familiar expression from gauge theory. 

We are now in a position to postulate the complete set of super symmetry 
transformations: 

6Xi = ieV'^a 

S^a = D^Xf r^r^e - ix,^X/xf /^^'^.r^-^^e (34) 



6A.\ = ieT.TiX'.^df 



cdb 
a- 



These supersymmetries close on-shell into translations and gauge transforma- 
tions. In the process one discovers that the structure constants f d must obey: 

r'^r^'d = r^%r''d + r'dr^\ + r''dr^% , (35) 

which is known as the fundamental identity. 

As we mentioned above, on-shell closure means that we can deduce the equa- 
tions of motion directly from the algebra. In this case we find 

r^'D^^a + ^ruX',xi^br''\ = 

D^Xi-'-^,r[jXi^,r\-^ = (36) 



26 Neil Lambert 

To construct a lagrangian we need to introduce and inner-product on the 3- 

algebra: {X^,X'^) = h'^^X^Xj^. Invariance of the inner product under 6X^ = 

K'aXl implies that 

jiabcd r^de ^abc r[abcd\ ("Vl^ 

which is analogous to the similar condition we obtain before for D-branes. The 
lagrangian can now be written as 

C = -^D^X^^Di^xi + ^'l^'^r^D^'f a + ^^bTijXj.Xi^ar'""^ -V + Ccs , 

where 

V = ^XixiX^XiX^Xfr'^'^rf^d , (38) 

is the potential and 

Co. = y\r-^A,.,.8.A>^ + ?/-%r*A„.U..Av,). (39) 

is a 'twisted' Chern-Simons term. Indeed an earlier attempt at describing M2- 
branes with Chern-Simons-matter theories was made in (j46p . Note that Ccs is 
written in terms of A^ab and not the physical field A^^a = A^cdf'^'^'^a that appears 
in the supersymmetry transformations and equations of motion. However, one 
can check that Ccs is invariant under shifts of A^^b that leave A^j^a invariant. 
Thus it is locally well defined as a function of A^a- 

This theory is invariant under 16 supersymmetries and an S'0(8) R-symmetry. 
It is also scale invariant (and in fact fully conformally invariant (57)). These 
are all the continuous symmetries that are expected of multiple M2-branes. It is 
weakly coupled in the limit that ff''^ — )• and thus apparently has a continuous 
deformation parameter: ff"^ — )• Xff"^- However we will see that due to the 
Chern-Simons term, A is discrete. Thus there are no continuous free parameters. 
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as expected from M-Theory. For a recent discussion of quantum Chern-Simons 

theories see ([58|) . 

Note that the Chern-Simons term naively breaks the parity that is expected 
to be a symmetry of the M2-brane worldvolume. However, we can make the 
lagrangian parity invariant if we assign an odd parity to f"-"^'^. In particular, 
if we invert x^ — )■ — x^, we must then require that X^ and A""^ be parity even 
for /i = 0, 1; A^^ and /"^'^'^ be parity odd; and ^^ -^ r2^a- Note that this 
assignment implies that A^ab is parity odd for /i = 0, 1, while ^2afe is parity even. 

This seems like complete success: we have got all that we asked for. Unfortu- 
nately we will see that there is essentially just one solution to the fundamental 
identity and therefore the set of such lagrangian field theories is too small to 
apply to an arbitrary number of M2-branes. 

4.1 3-algebras 

We have seen that the construction of M-Theory leads to the notion of a 3- 
algebra. That is to say the structure constants f d define a triple product on 
the algebra: 

[T'',T'',T''] = r^'^dT'^ . (40) 

In this case the triple product is totally antisymmetric and is sometimes called 
a Lie 3-algebra. However in the next section we will see that this assumption 
needs to be dropped in general. Note that the appearance of a 3-algebra has 
been forced on us by the symmetries of the problem - most notably conformal 
symmetry which requires a cubic term in 6^a- 

The fundamental identity eq. (j35]) ensures that the set of all A"^ = A{,c/"'"^d 
for some Abe forms a closed set under matrix commutation. Thus the 3-algebra 
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defines a Lie algebra generated by the elements A'^^, along with a natural repre- 
sentation which acts on the 3-algebra itself. So the underlying gauge symmetry 
of the theory is an ordinary gauge theory based on Lie algebras and the vector 
space of the 3-algebra plays the role of a preferred representation. 

Let us consider the analogy with Lie algebras and the adjoint map more care- 
fully. In particular we define the map adA^si^) = [X, A, B] and require that this 
is a derivation: 

adAM[X,Y,Z]) = [adA,B{X),Y,Z] + [X,adA,B{Y)^ Z] + [X,Y,adA,B{Z)] . (41) 

This further requires that the triple product satisfies the so-called fundamental 
identity: 

[[X, Y, Z],A, B] = [[X, A, B],Y, Z] + [X, [Y, A, B],Z] + [X, Y, [Z, A, B]] , (42) 

which is equivalent in eq. (j35p . If we relax the assumption that the triple product 
is totally anti-symmetric then there is a one-to-one relation between a 3-algebras 
and the set of Lie algebras along with a specified representatior|f|. The key obser- 
vation is that, given a representation with generators (r'")"^, r = 1, 2, ..., rank(G) 
a,b = 1,2,..., dim Rep(G) then there is a natural triple product with structure 
constants: 

r''d = Y.^^rsh'%TTe{Trd, (43) 

r 

where Krs and h"'^ are invariant metrics of the algebra and representation respec- 
tively. Conversely given f"'^'^d we can reconstruct the Lie-bracket and represen- 
tation of the Lie algebra G by looking at the action of the adA,B maps. 

Thus the 3-algebra is a convenient way of packaging up all the information of 



^Technically one also requires that all these spaces, the 3-algebra, the Lie algebra and the 
representation space, all have invariant inner-products 
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the gauge theory (gauge algebra, matter representation and couphngs). Asking 

for various symmetry properties of the triple product then selects out certain 
pairs of Lie algebras and representations as special. Thus the triple product nat- 
urally determines the amount of supersymmetry and (somewhat unusual) gauge 
group. In contrast to Yang-Mills theories where any gauge group is sufficient. 
The interested reader should consult (j59U 60 1[6ni62U631[M|) for some mathematical 
discussion of 3-algebras and ()65U 66 1 [67 1[68]) for physical applications to M2-branes 
and other systems, as well as the references therein. 

We also note that, despite first appearances, models made from 3-algebras with 
indefinite metrics can make physical sense. In particular the negative normed 
states can be gauged away in a similar way to the timelike components of gauge 
fields. The theories that results from these models ultimately reduce to the Yang- 
Mills gauge theories of Dp-branes ([MlEnilZIlCSlEaEllES]). In addition there 
are positive 3-algebras with infinite dimension. These are constructed from the 
famous Nambu bracket (j76p . Models based on these algebras have also appeared 
in the literature where they have been related to M5-branes (|77 y 78 1 [79 y 80 1[8T]) . 

4.2 An Example: BLG 

Let us look more carefully at the case at hand where the triple product is totally 
anti-symmetric and the metric is positive definite. If we assume that the metric 
h is positive definite, so that the kinetic energies and potential are all positive, 
then it turns out that there is essentially a unique choice for f"-^'^'^ (l82l[83l[8l]) : 

rabcd ^abcd ( AA\ 

K 

where the 3-algebra has dimension four; a, 6, ... = 1, 2, 3, 4. The gauge algebra is 
generated by A"f, is simply the space of all anti-symmetric 4x4 matrices. This is 
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of course so(4) = su{2) © su{2). This split is realized by noting that the self-dual 

and anti-self dual parts of A"^ commute with each other. Thus we write 

A^\ = A+\ + A-\, (45) 

where A^""!, is the (anti)-self-dual part of A^°'i,. In this case the 'twisted' Chern- 
Simons term can be written as 

Ccs = ^e'^^\A;\d,At\ + ^A;\At\Al^,) (46) 

k 2 

__^tJ.>^>^( A-a. a A-b i _A-a A-b a~c \ 
o t \^H b'~>i>^\ a^ „^^ b-^y c-f^\ a) ■ 

The action of parity changes the sign of each of the two terms Cqs and in addition 
flipping the sign of f"-"'^ can now be seen as swapping the two su{2) subalgebras. 
This leads to the lagrangian first constructed in ()50p . The action can then be 
reformulated in more familiar language as a Chern-Simons-Matter theory with 
gauge algebra su{2) x su{2) and matter fields in the bi- fundamental ()85p . 

Next we must examine the quantization condition on k. Let us first consider a 
single su{N) gauge field A^ and Chern-Simons term 

-^,.(2) = ^e^^'MA^d.Ax - jA^A.Ax) , (47) 

where tr is the trace in the fundamental {i.e. N x N) representation Under a 
large gauge transformation one has ()86p 



/ d^xCsu{N) -^ / d^xC^u{N) + 2vr/cw; , (48) 

where tf G Z is the winding number of the gauge transformation. For the quantum 
theory to be well defined we require that e*-' ^''"(^v) jg invariant. This fixes A; G Z. 
However in our case, where N = 2, the coefficient is w;^ not ^. On the other 
hand the gauge fields A^°'h are acting in the 4x4 and not the 2x2 representation 
and this gives us an extra factor of 2. As a result we also find A; E Z. 
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Thus we have obtained a family of lagrangians with 16 supersymmetries, SO{8) 

R-symmetry and conformal invariance. There are no free parameters but there is 

a discrete parameter A; G Z and the theory is weakly coupled in the limit /c — )• oo. 

We would also like to mention an additional choice. Namely the lagrangian 

is determined entirely in terms of the 3-algebra structure constants. This in 

turn determines the local gauge structure however there still remains the choice 

of the global gauge group. In the case at hand we can either take this to be 

SU{2) X SU{2) = Spin{A) or {SU{2) x SU{2))/Z2 = SO{A). Therefore there are 

actually two theories, each of which is specified by a quantized coupling constant 

/c G Z. This subtlety did not arise in the Dp-brane case as the matter fields there 

(in the maximally supersymmetric case, not for less supersymmetric theories) are 

in the adjoint and this is blind to such global properties. 

5 M2-branes and Chern-Simons-Matter Theories: 12 Supersym- 
metries 

The success of the previous construction calls out for some sort of generalization. 
From the perspective that we have presented we need to look for less restrictive 
conditions on the 3-algebra. This in turn means that we need to look for less 
supersymmetry. Unlike higher dimensions, it turns our that the next smallest 
amount of supersymmetry in three-dimensions consists of 12 supersymmetries. 
This will lead to the celebrated ABJM models which we now discuss. 

If we reduce the number of supersymmetries from 16 {J\f = 8) to 12 (A^ = 6 



-4 



^Here JV counts the number of spinors rather than the total number of spinor components. 
Since each three-dimensional real spinor has two components a single spinor A/" = 1 would 
generate two supersymmetries. 
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then we will also reduce the 50(8) R-symmetry to S'[/(4) = SO{6). There will 

also be a left-over U{1) symmetry under which the A/" = 6 super symmetries are 

neutral (but the missing J\f = 2 supersymmetries are charged under). This U{1) 

symmetry will be important and will ultimately be gauged. 

To conveniently describe all these symmetries introduce four complex scalar 

fields Z^, A = 1,2,3,4, as well as their complex conjugates Z'j^. Similarly, we 

denote the fermions by ipAa and their complex conjugates by ■0 . These are 

now complex 2 component spinors. A raised A index indicates that the field is 

in the 4 of 5f7(4); a lowered index transforms in the 4. We assign Z^ and il)Aa 

a [/(I) charge of 1. Complex conjugation raises or lowers the A and a indices 

and fiips the sign of the U{1) charge. The supersymmetry generators eab are in 

the 6 of SU{A) with vanishing U{1) charge. They satisfy the reality condition 

One can follow the same discussion that we gave above to arrive at the following 
form for the supersymmetry algebra that preserve the 5?7(4), U{1) and conformal 
symmetries. We will not go through the full derivation here, for that see ([53|) . 
The result is that the most general transformations are 

5Z^ = iZ^^'i^Bd 

6^Bd = ^Df^Z^eAB + r'cdZ^Z^Z^c^AB + r\dZ^Z^Z%ecD 
<5i/rf = -ieABlt.Z^i^'''r\d + ie^''l^.Z\i^Bar\d. (49) 

These close into translations and gauge transformations: 



v^ = '^^''reiCD, A% = z(et^eici=; - ef ^e2CE)Z|,Zf . (50) 
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provided that the fields satisfy the on-shell conditions: 

rO^^Cd = r\d^CaZ^Z% + 2r\di>DaZi;'Z^c - ecDEFrKd^'^'Z^Zlhl) 

F^u'd = -e^,x[D^Z^Z'^- Z^D^Z\-ii^^'^^^i;Aa) Tbd, (52) 

Furthermore the structure constants /"'^cd = ~f^°'cd define a triple product 

[T'',T'';T,]=r\dT'' , (53) 

which must satisfy the following fundamental identity: 

r^gbf'ad + f^'abfgd + 1^' Tm + fa/' f^d = 0. (54) 

We also see that in this case the triple product is linear and anti-symmetric in its 
first two entries but complex anti-linear in the third. The role of this fundamental 
identity is just the same as in the real case above. In particular it implies that 
adA,B{X) = [X,A;B] acts as a derivation and generates a Lie algebra action on 
the fields. 

Let us now construct an invariant lagrangian. We have seen that the super- 
symmetry algebra closes into a translation plus a gauge transformation. On the 
field Z'^, we find 

[6uS2]Zi = v^D^Zi + K^KW'Z'X, (55) 

with V and A^(, given in eq. (|50p . The second term is a gauge transformation, 
bi^Zj^^d = A*^ f*f^cdZ'\ = —K\f*^'^'^Z\. In this case, to construct an lagrangian we 
need the metric to be gauge invariant, namely 5[>^{ha Z'XZ^) = 0. Therefore we 
must require 

r\d = /*c/^ (56) 

where /"^^ = P^ceh^d- This implies that [K^d)* = -A'^c, where 

A^d = A\rbd, (57) 
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so the transformation parameters A^d are miitary matrices. Furthermore the 

fundamental identity ensures that they are a Lie subalgebra, i.e. closed under 

ordinary matrix commutation. 

With these results, it is not hard to show that an invariant lagrangian (up to 

boundary terms) is given by 

-irKdi^^^i^AaZ^Z^ + 2ir'^cdi^^^lljBaZ^Z% (58) 



where the potential is 



with 



V = ^Tgf Tg^, (59) 



Tg^ = f^^Z^Z.^Z^^ - \5%r\dZ^Z^Z% + ^5Er\,Z^Z^Z% (60) 

The 'twisted' Chern-Simons term Ccs is given by 



J^cs = le^'"' (r'cdA'^^bduAia + \rdgrfbA,\A/,A)^f}i . 



(61) 



It satisfies 



^^CS rac 1 



A , a /"'^'' = O^'^'^^M-'^' (62) 

dAx"-b ^ 

up to integration by parts, where F^y"-^, = -d^A^"-), + duA^'^h + Ay°'eAfj!'h - 

Afj^'^eAu^b- Just as before, this term can be viewed as a function of A^j^^^ and not 
A ^ 

Just as with the maximally supersymmetric case one also can add massive 
deformations that are consistent with all 12 supersymmetries ([55]) , again corre- 
sponding to turning on background supergravity flux ([56|) . 
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5.1 Examples: ABJM and ABJ 

Finally we wish to give an example of a suitable triple product. As promised 
we will be able to obtain infinitely many theories. Most importantly one finds 
the gauge groups U{N) x U{M) for any N and M and constructs the famous 
ABJM models when iV = M ([87]) and ABJ models, for iV / M, fHi). The 
lagrangians for these theories were first obtained in (|89 p90p . In addition there 
are other possible gauge groups and a classification was provided in ([9T]) . 
To continue let Z he N x M complex matrices and define 

[Z^, Z^; Zc] = ^{Z^ZIZ'' - Z^'ZIZ^) . (63) 

One can show that this satisfies eq. (1541) . What is the Lie algebra generated by this 
triple product? The transformations 6Z^ = A'^^f'^^cdZ^ take the form, assuming 
matrix multiplication, 

6Z^ = A^Z^- Z^A^ . (64) 

Here A^ and A^ are N x N and M x M matrices respectively. Thus we see 
that the Lie algebra is u{N) © u{M) and the fields are in the bi-fundamental 
representation. Thus the action of gauge fields is 

D^Z^ = d^Z^ - iAfiZ^ + iZ^AJi , (65) 

where Aj^ and A^ are the N x N and M x M complex matrix valued gauge fields 
of u{N) © u{M). Note also that the U{1) symmetry that rotates the phase of Z 
and which we obtained from the breaking of 50(8) R-symmetry to SO{Q) x U{1) 
has become gaugeqj. In addition, just as in the case above, the Chern-Simons 



^In fact, since m(A'') — u{l) © su{N) there are two abelian u(l) factors in u{N) © u{M). It 
turns out that only the relative u(l) couples to the matter fields (through phase rotations). 
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term can be written as 

Ccs = ^e^'MA^.d.Ai-^A^^AlAi) (66) 

-Ae^'^Hr(^^a.^f-lA^^M), 

so that again we must take k £ Z. 

Actually there is a slight subtlety here. In the ABJM case where N = M one 
finds that the action of the two U{1) subgroups coming from U{n) and U{m) 
cancel since tr(A-^) = tr(A-^). So in this case, following the construction of 
the theory through 3-algebras that we considered here, we are left with simply 
su{N) © su{N) Chern-Simons theory. To fix this we can put the u{\) back by 
gauging the global U{1) by hand. This was discussed in some detail in (l92|). We 
do not need to go into the details here. The effect is to simply include the missing 
components of Ar^ and A^ that are proportional to the identity matrix into the 
action to get the complete U{N) x U{N) theory. This can be done preserving all 
the supersymmetries. 

To summarize we have found several classes of theories, all with a discrete 
parameter k £ Z so that they become weakly coupled as A; — )• oo. The Lie 
algebras that we have found here are su{N) © su{M) © u{l) and su{N) © su(N). 
In fact there is another choice (not given by eq. (j63p l which leads to an sp{2N) © 
so(2) lagrangian ([55 1 [Ml 1^5 ]) . This list agrees with the analysis of (jOTl) . These 
lagrangians can lead to slightly different physical theories corresponding to the 
different possible global forms of the gauge group. But of most interest for us here 
are the ABJM and ABJ U{N) x U{M) theories which are most readily relevant 
for M2-branes. 
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5.2 Spacetime Interpretation 
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Just as in the case of Dp-branes we'd like to determine the spacetime interpre- 
tation and hence determine the vacuum moduh space. For these Chern-Simons- 
Matter theories of A^ M2-branes this was first performed in (|96p85|l57|) . We'd also 
like to learn the meaning of the parameter A; G Z. For N M2-branes in M^'^*^ the 
moduli space should be 



4\7V 



M 



in 

Sn 



(67) 



To begin we must decide what the vacuum solutions are. These need to preserve 
all the supersymmetries and, an inspection of eq. (j49p . reveals that we therefore 
require that [Z^, Z^; Zc] = 0; 



z^4z^ = z^zjz^ , 



(68) 



for all A, B, C. Let us assume that M = N + 1 > N and think of Z in terms of 
the block form 



Z' 






(69) 



We then find that, for generic vacua, the W components should all commute 
with each other and the V components should vanish. By taking gauge trans- 
formations of the form g^ = g^ £ U{N) C U{M) the action of U{N) x U{M) 
is reduced to the adjoint action of U{N) when acting on W . This allows us to 
diagonalize: 



/ 







\ 



V 



^N 



(70) 



/ 



In addition, just as was the case with Dp-branes, we can also take gi = g^ of the 



form eq.([25|) to induce the identification zf -H- Zj- for any pair i,j = 1,..,N. 
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Therefore we can associate zf with the position of the ith M2-brane in the 

transverse space C^. Further identification by gauge transformations then says 

that these are indistinguishable objects and we arrive at eq. (j67|) . 

However there are important remaining gauge transformations to consider that 

did not arise in the case of Dp-branes. In particular we can take gn = 1 and 



/ 



gL 



\ 



V 



JBm 



(71) 



/ 



This acts as a phase rotation on the zf, i = 1,...,N. This is not the end of the 



story though since there also also gauge fields that preserve the vacuum moduli 

\ 



space, in particular we can turn on gauge fields of the form 

/ 



/.I 



A 



\ 



,N 



A. 



^l 






V 

The effective lagrangian for the vacuum fields is 



(72) 



N 



N 



r 



^ D.zfD^-ZM + - ^ e'^-^'Bld^A^, , 



i=l 



(73) 



j=i 



where D^zf 






a^ — 6^ and -BJt = a^ + &^- Note that B'^^ 



only appears in the Chern-Simons term. We can therefore integrate it out and 
deduce that 



^1 = -j:dx<Ti , 
for some scalars o"j. In this case the lagrangian reduces simply to 

N 



(74) 



r 



Y^ d^wfd^'wAi , 



(75) 



i=l 
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where wf = e'^'^^-^'^zf. 

Our next step is to notice that a is periodic. To see this we go back a step and 

write the Chern-Simons term in Cyacuum as, using integration by parts, 

N , TV 



Att^ ^ " ^ 47r 

N 

Sir . 
1=1 

TV 



j=i 

1 ^ 

i=l 
1 ^ 

j=l 

where in the last hne we have the condition eg. (1740 to set Fp^^ = Fj^^. We now 
observe that, by the standard Dirac quantization rule for magnetic fluxes 

-^ / d?xe^"'^dxFl:i = — I dF^' e ^ • (77) 

This means that the action is invariant under shifts cjj — t- iTj + 27r. It then follows 
that wf = e'^'^^' wf. In this way we see that the true moduli space is 

M = '^'f '-'" . (78) 

Thus we see that the M2-branes are actually moving in an C^/Z^ transverse space. 
Therefore, to describe N M2-branes in R^ we must take k = 1. In this case the 
lagrangian is strongly coupled, as expected for the M2-brane worldvolume theory. 
We also see how the limit fc — t- oo produces weak coupling. To see this we 

over S and then view 5"^ as fibration of S^ over S^: 
S''^ = S^ X S^. Intuitively, as A; — t- oo, the action oiZk on 5^ amounts to shrinking 
it to zero size. We are therefore driven into the regime of weakly coupled type IIA 
String Theory and the M2-branes should be described by D2-branes and hence 
sup er- Yang-Mills . 



can write M as a cone 



^This is a fancy way of saying use 'spherical' coordinates: ds^g = dr^ + r^ds^r 
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This can be made more precise by the so-called novel Higg's mechanism of ([97]) . 

Here one gives a large vev to one of the scalar fields, say, 

{Z^) = ivlN>cN , (79) 

corresponding to putting all the M2-branes at some distance v awajlj from the 
origin along the ImZ^ direction (for simplicity we just consider the N = M ABJM 
case). This breaks the gauge group from U{N) x U{N) — )• U{N). Furthermore for 
large v one is far from the origin and for small fluctuations M^ looks like M x S^. 
One finds that, as a consequence of the Chern-Simons terms, the remaining gauge 
field Aj^ + A^ becomes dynamical by 'eating' the scalar field ImZ'* (recall that in 
a standard Higg's mechanism a massless gauge field becomes massive by eating a 
scalar - here a non-dynamical gauge field becomes dynamical by eating a scalar). 
The resulting low energy theory therefore has a dynamical ti(A^)-valued gauge 
field A^ + Aj^ , seven scalar fields Z^ , Z^ , Z^ , KeZ^ and fermions which are now in 
the adjoint of the unbroken U{N) gauge group. Furthermore since the vev eq. (|79|) 
is a maximally supersymmetric vacuum of the ABJM theory small fluctuations 
around it must have at least 12 supersymmetries. The only low energy theory 
that fits the description of these fluctuations is three-dimensional maximally su- 
persymmetric Yang-Mills with gauge group U{N) and this is indeed what one 
finds ()97p . In particular the Yang- Mills coupling constant of this effective theory 
is gYM oc v/k and hence this is weakly coupled as /c — )■ oo. Furthermore the 
higher derivative corrections are suppressed by powers of v^'^ and are irrelevant 
as f — 7- oo. Thus we do indeed arrive at the correct weakly coupled D2-brane 
description. 



^More precisely, since v^ has dimensions of mass, the physical distance is v/^Tm2 where 
Tm2 is the tension of an M2-brane. 
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Finally we ask what the role of / = \M — N\ is? Note that if / > then parity is 

broken however the theory has the same moduli space as / = and hence probes 
the same spacetime metric. Thus the spacetime of these theories must break 
parity but still propagate in C^/Z^. It was argued in (j88p that I corresponds to 
the amount of discrete torsion in the background supergravity four-form gauge 
field stength. In particular the C^/Z^ orbifold admits a degenerate Z^ homol- 
ogy torsion 4-cycl4j. We can therefore turn on / = 0, 1, 2, ..,k — 1 units of flux 
through the supergravity four-form. This will break parity but otherwise preserve 
supersymmetry and can be thought of as placing / fractional M2-branes at the 
orbifold singularities. These are known as the ABJ models (|88p. Note that since 
/ < k for this interpretation to make sense we require that the U{N) x U{N + /) 
theories do not exist for / > k, where k is the level. Note that such theories 
are always strongly coupled since M/k > l/k > 1 so there is no contradiction 
with the apparently good perturbative behaviour of the weakly coupled theory 
deduced from the lagrangian. 

5.3 16 Supersymmetries Revisited 

For /c = 1,2 the U{N) x U{M) (with M = NotM = N+1) vacuum moduh 
spaces are 

Mu=i = ^^ , Mk=2 = ^ ' '^ , (80) 

corresponding to A^ M2-branes with transverse spaces M^ and M®/Z2 respectively. 
However in these cases the M2-branes should have maximal, 16 supersymmetries, 
certainly their moduli spaces do. But these are not manifest in the lagrangian. 
The solution to this paradox is that the theory is strongly coupled for k = 1,2. 



'More accurately the AdS dual spacetime is AdSi x S^/Zfc and _ff*(S^/Zfc,Z) — Zk 
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Thus it is conceivable that the theory actually admits extra, hidden supersym- 

metries, at A; = 1,2. Indeed (|87p presents a chain of dualities that mapped 
their model to M2-branes moving in M^/Z^, which then implies that the extra 
super symmetries must exist at A: = 1,2. It is beyond the scope of this review 
to give the details of how this works. We will simply say here that the extra 
supercurrents arise from so-called monopole or 't Hooft operators (|98p which 
correspond to changing the topological properties of the fields in the path in- 
tegral. These operators, although local, cannot be expressed in terms of the 
fields that appear in the lagrangian. For more details of how this works see 

(jMiiiooiiioiiiioaiinaiioaiiosiiiosiiMi) . 

Now that we have discussed the spacetime interpretation of the ABJM and 
ABJ models, let us return to the BLG model that we first constructed. This is a 
special case of the general J\f = 6 theories where we take the 3-algebra generated 
by 2 X 2 matrices. Choosing the basis 

where a = 1, 2, 3, 4, at are the Hermitian Pauli matrices: cjjcjj = Sij + ieijkcr^, we 
find that eq. (j63]) gives 

jabcd ^ abed ^ ^ab ^ ^ab ^ .32) 

k 

where h = tr(Ti,T ). This is the totally anti-symmetric 3-algebra we saw in 
the BLG theory. Indeed one can check that the A/" = 6 lagrangian is just the 
M = 8 lagrangian written in complex form and hence has 16 supersymmetries. 
Thus the BLG lagrangian with structure constants J'^°'=" = ^^o-bcd corresponds 
to the su{2) © su{2) M = 6 lagrangian. 

Is there a role for the maximally super symmetric 5^(2) (Bsu{2) theories? They 
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seem to be very similar to the su{2) © su{2) © n(l) theories, especially once one 

realizes, following the previous discussion, that the main role of the u{l) factor is 

simply to impose the Z^ orbifold. To answer this we should look at their moduli 

space (for a more detailed study see (|92p ). The calculation is similar to the A^ = 6 

discussion but with a few important differences. In particular the moduli space 

effective action is 

2 ^ 

Coacuum = " ^ D^zfOf^ZAi + — E^^^^^^.^A , (83) 

i=l 

where now D^zf = d^j^zf — iA^z^ and D^Z2 = d^Z2 — iA^Z2- Note that even 
though we have N = 2 there is just one pair of [/(I) gauge fields, A^ = A^^ — A^^, 
B^ = A^^+A^^, arising from the a^ components of the su{2) x su(2) gauge fields. 
Furthermore the two moduli zf and Z2 are oppositely charged. 

How is the previous argument altered? Firstly one still has the identification 

zt ^ 4 , (84) 

which arises from the adjoint action of the guage group and hence is oblivious 
to any n(l) factors. But next we need to discuss the action of the single u{l) 
generator (recall there are two such ii(l)'s in the U{2) x U{2) theory) which leads 
to the spacetime orbifold. Here we need to distinguish between the two global 
gauge groups: SU{2) x SU{2) and {SU{2) x SU{2))/Z2. The reason is that the 
pL/R _ (ij\^L/R Q^oifj^ strengths obey the standard Dirac quantization condition 
eq. (|77p for SU{2) x SU{2) but this is modified to allow for half-integer fluxes in 
the case of {SU{2) x SU{2))/Z2 {e.g. see (jMl)- This will lead to different moduh 
spaces. In particular one finds that the action of the orbifold becomes 

z^ ^ e'^'/^z^ z^ ^ e-^'/^z^ SU{2) x SU{2) (85) 

zt = e^'^'l^z^ zi ^ e-'^-^'l^z^ {SU{2) x SU{2))/Z2 . 
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In general this leads to the moduli spaces (f96| l 



M = M^7Z)2fc SU{2) X SU{2) 



M = M^V^fe iSU{2) X 5C/(2))/Z: 



2 



where -D„ = Z2 x Z„ is the dihedral group. There are three interesting cases to 
consider (here the subscripts give the level k of the gauge group): 



{SU{2)i X SU{2)_i)/Z2: A^ = (M« X 

SU{2)2 X 5[/(2)_2 : M = (M^Zs x R8/Z2)/Z2 

(5C/(2)4 X 5C/(2)_4)/Z2 : X = (MVZ2 X MVZ2)/Z2 



These all correspond to two indistinguishable objects in M or M /Z2 and therefore 
nicely agree with the ABJM and ABJ theories. Therefore it seems reasonable 
to conjecture that the following ABJM/ABJ theories are dual to BLG models 
(|92l [T08|l : 

• C/(2)i X U{2)^i is dual to (5C/(2)i x 5C/(2)_i)/Z2. 

• C/(2)2 X t/(2)_2 is dual to SU{2)2 x SU{2)^2- 

• U{2)2 X t/(3)_2 is dual to {SU{2)i x 5C/(2)_4)/Z2 . 

These dualities have also been tested more non-trivially by showing that their 
superconformal indices agree (jlOSp or in the case of the first duality by explicitly 
intergrating out the u{l) gauge field of ABJM (92]^. 



^More generally one finds that, if k and TV are relatively prime, then the U{N) x U{N) ABJM 
theory is a Zk orbifold of the {SU{N) x SU{N))/Zn AA = 6 theory. 
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6 Future Directions and Summary 

6.1 M5-branes 

There remains one last important class of conformal field theories that are pre- 
dicted to exist by String Theory and M-Theory. Namely what about the low 
energy dynamics of multiple M5-branes? Such a theory should propagate in 6 
spacetime dimensions, be conformal and admit maximal supersymmetry. In ad- 
dition it should have five dynamical scalar fields X . Such a multiplet exists and 
is called the (2, 0) self-dual tensor multiplet and the worldvolume quantum field 
theory is often called simply the (2, 0) theory. The multiplet is chiral because the 
M5-brane preserves supersymmetries that satisfy roi2345e = £• Its name derives 
from the fact that the remaining three bosonic degrees of freedom come from 
a self-dual three- form H^y\. The understanding of this theory is still an open 
question. Apart from its interest within M-theory it would be the first exam- 
ple of well-defined quantum field theory above four dimensions and has many 
rich features. It has also been related to the geometric Langlands programme in 
mathematics ()109p . 

Following the fiow of this review it is worth mentioning what happens if we 
apply the ideas that we have used above to this theory as was done in piop . 
What do we need to look for? The theory should have a self-dual three-form 
Hf_ii,Xa, five scalars X^ and fermions ^a that satisfy roi2345^a = —^a- To begin 
with we consider the free supersymmetry transformations: 

6Xi = ier'^a 
6H^,Xa = 3ieT[^,dx]-i>a . (87) 
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To generalize this to these to an interacting theory we need to add non-hnear 

terms to the right-hand-side of 6^ a- When doing so we are required to ensure 

that roi2345^a = " ^a and this means that there must be an odd number of T^'s 

on the right-hand-side and hence an odd number of /i indices on the fields to 

soak up the free indices. There already are terms involving D^X[ and H^i^x a 

and so it would seem that we need to invent a new field with indices that can 

contract with the odd number of T^'s, since including higher powers of D^X^ and 

Hfj,uX a would lead to a higher-derivative theory. The simplest case is to include 

a new vector-like field Ca. Just as before turning on interactions will lead to 

a gauge symmetry and so we will also need to add a gauge field A^ a- Putting 

these together and closing the algebra leads to the following set of supersymmetry 

transformations: 

6Xi = ieV'^a 

5^a = T'^T'D,Xie + ^^^T^,xHli'^\-hxT'-'ctx',Xir''\e 

6A^, = ier,xC^^dr'"'a 
6Cli = 0, (88) 

Which close onto the following equations of motion: 

= D'xi - ^^cQ^r.r^d/^^^ - c^c.,x;^x^xjrfSdr'''a 

1 i - 

= T^'D^^, + X',C'B^,r'^ar''\ 

r\ J7 t> ^_ r<^ U fcdb 

U — r^v a + '^c J^fiuX dj a 

= D,C: = C^C^,f'\ 

= C^DpX!ir''\ = C^Dp^dr''\ = CPcDpH^uXar''\. (89) 
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Note the appearance again of the 3-algebra structure constants. These are anti- 
symmetric in all the first three indices, just as in the M2-brane lagrangian above 
with 16 supersymmetries, and must satisfy the fundamental identity eg . (f35|) . 
However it need not have a positive definite metric. Similar combinations of one- 
form gauge field and two-form potential (rather than the 3-form field strength 
used here) have appears in the mathematical literature of so-called Lie 2-groups 
(for a review of these topics see (jllip and (J112p for an early application to M5- 
branes). Indeed the above system can be very naturally recast in such a formal- 
izism pT3]) . 

Although this does indeed serve as a representation of the (2, 0) superalgebra, 
at first sight it seems to be something of a let-down since the final equation of 
motion tells us that the derivatives of the fields along the direction determined 
by Ca (which is covariantly constant and hence non-dynamical) vanish. Thus 
we appear to have a five-dimensional system, dressed-up to look six-dimensional. 
Although we should be careful. If one looks a the superalgebra more carefully 
one finds that all components of the six-dimensional conserved quantities are 
non- vanishing ()114p . for example: 

+\il^,CixixiCxgX\xir^'''rf3^ + ^H^xp aH/P ^ (90) 

In particular the momentum parallel to Ca is given by the instanton number of 
the gauge fields (|115p 

-^trfrAFeZ, (91) 

which is discrete but certainly not vanishing. 
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What exactly do we get from these equations? Well if we chose Ca to be 

spacelike, say Ca = g'^^^S* where * is some direction in the 3-algebra then the 
equations reduce to those of five-dimensional maximally supersymmetric Yang- 
Mills with gauge algebra generated by T°, a 7^ * and Lie Bracket [T°',T''] = 
ig^ f cT^ ■ This is the theory on D4-branes, which corresponds to M5-branes 
wrapped on a circle. Comparing the instanton number with the Kaluza-Klein 
momentum one sees that the circle has radius 5^/47r^. We could also examine 
the moduli space of vacua which is of course the same as that of A^ D4-branes in 
String Theory - but then this is the same as what is expected of A^ M5-branes in 
M-Theory. Furthermore, there have been recent conjectures that the M5-brane 
theory on a circle is exactly five-dimensional maximally supersymmetric Yang- 
Mills pi6tlll7|) . Finally the role of instanton number as momentum seems to 
be an extension of the ABJM prescription that eleven-dimensional momentum is 
magnetic flux (|118p . 

It is interesting to then ask what happens if we instead choose Ca to be null: 
Ca = g'^S'^6*, where we have introduce lightcone coordinates {x~^,x~ ,x'^). Per- 
haps somewhat surprisingly, one can in fact show that the equations can all be 
reduced to one-dimensional motion on instanton moduli space ()114p with x~ 
playing the role of 'time'. The instanton number is now identified with the mo- 
mentum along x"*". This system can be quantized and in fact leads to an old 
conjecture for the so-called discrete light-cone quantization of the (2, 0) theory 
(1119111201). 

Thus we have lifted the D4-brane theory to look like a six-dimensional theory 
with (2, 0) super symmetry, but compactified on a circle, keeping the Kaluza- 
klein modes. In doing so we have unified two different descriptions of the M5- 



M-Theory and Supersymmetric Gauge Theories 49 

brane theory into a single system. How complete a theory of the M5-brane 

eqs. (|88l89p provides has yet to be determined but perhaps this system is not the 

disappointment that it first seemed to be. In addition it also seems to have nice 

applications to the worldvolume theories on other branes (|12HI122"|) . 

Last, but not least, we note that some other proposals for defining the (2,0) 

theory are given in (|123lll24l[T25l[T26l[T2711 . 

6.2 Conclusion 

In this review we have attempted to describe how String Theory and M-Theory 
predicts the existence of certain maximally supersymmetric interacting field the- 
ories, decoupled from gravity. Furthermore we have presented the explicit con- 
struction of these theories in the cases of all but the six-dimensional theory as- 
sociated to M5-branes. We have also concentrated on the most supersymmetric 
models of multiple M2-branes, namely those with 12 or 16 supersymmetries. How- 
ever there has since been considerable work on constructing and understanding 
Chern-Simons-matter theories with various amounts of supersymmertries such as 
AA = 2,3,4,5 {e.g. see ([MlIISllISniEnilMlIIMllMlESD)- 

The M5-brane theory remains an important open problem. Constructing such 
a theory would also increase our knowledge of quantum field theory since, to date, 
there is no known description of a quantum field theory above four dimensions. 
The results so far suggest that five-dimensional maximally supersymmetric Yang- 
Mills could be a very interesting theory and possibly even well-defined (J116i 
I117p . Understanding quantum field theory above four dimensions could also lead 
to more practical or phenomenological applications, in addition to presumably 
expanding our control over quantum field theory in general. 
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Perhaps we should return to our Ust in introduction. Needless to say the reader 

is surely no closer to achieving goal 6. We hope, however, that the reader is more 

convinced that the ideas which underlie M-Theory are fruitful and this is always 

a good sign. 
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Appendix: Conventions 



Let us summarize our conventions here. We use a mostly plus spacetime metic: 



/ 



\ 



(92) 



where m,n = 0, 1.., 10 {m, n = 0, 1, ..., 9 in the case of String Theory). We will 
typically denote the world volume coordinates of a brane by x^, fi = 0,1,2, ...,p 
and the coordinates transverse the the brane by x , I = p + 1, ..,10 (or I = p + 
1, ..., 9 in the case of String Theory). The scalar fields that represent fluctuations 
of the brane in the transverse space are denoted by X [x^^). 

We use a real (Majorana) basis of eleven-dimensional, 32 x 32, F-matrices such 
that 

r|„ = r^ = -CFmC-' . (93) 
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where C = Tq and m = 0, ..., 10. When we talk about ten-dimensional String 

Theory we can use the same T-matrices only we re-label Fio = Tn. 

We also assume that all spinors are real and anti-commuting: '(/'iV'2 = V'2V'i- 

We define 

e = e^C . (94) 

Finally we assume that complex conjugation acts as (^iV'2)* = V'2V'i) ^or any two 
objects ipi and ^2- This means that eT™"^ is imaginary. 
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